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WORCESTER COUNTY MATHEMATICS LEAGUE I I

Varsity Meet 3 — January 30, 2013
Round 1: Similarity and Pythagorean Theorem

All answers must be in simplest exact form in the answer section

NO CALCULATOR ALLOWED
1. If ST = 6 and mZQ) = 30°, find the length of QR.

00

Q R
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2. Given that AB = 4, AC = 8, M is the midpoint of BC, and AM = 3,
find BC. e .
A

B C
M

3. ABCD is a rectangle, and points F and F are chosen on sides CD and
AB such that AFCE is a thombus. If AB has length a and BC has length
b, find the length of EF in terms of a and b.

A F B
k D E C
ANSWERS
(1pt.) 1.
(2 pts.) 2.
(3 pts.) 3. 1
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WORCESTER COUNTY MATHEMATICS LEAGUE I I

Varsity Meet 3 — January 30, 2013
Round 2: Algebra I

All answers must be in simplest exact form in the answer section

NO CALCULATOR ALLOWED

1. At WOCOMAL College, 99% of the 100 students are girls, but only 98% of
the students living on campus are girls. How many students live off campus?

1 e
2. Given that % + = Z— and z2y +-gyh = 48, find the sum of all possible
positive values of z. ' =

3. Given that y? + 3z%y? = 30z% + 517 for integers z and y, find 3z2y2.

)
LY oo

ANSWERS : i
(1pt.) 1. students

(2 pts.) 2.

(3 pts.) 3. 7
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WORCESTER COUNTY MATHEMATICS LEAGUE I I

Varsity Meet 3 — January 30, 2013
Round 3:- Functions

All answers must be in simplest exact form in the answer section

NO CALCULATOR ALLOWED:,

1. If f(z) = % find f-1(z).

2. If f(z) = 22 — 2+ 9 and g(z) = 3z + 2, find all values of z such that
f(g(x)) = 9(f(z)).

Tt
s e A

1
i

3. Find the polynomial ﬁmo,tlonj,f (z) of least degree such that:
e all coefficients of f are jntegeré
e all roots of f are integers
e f(0)=-1
o f(3) = 128.

Write f(z) as a polynomial in standard form.

ANSWERS
(Ipt) 1. fi(z) =

(2 pts.) 2.

Bpts) 3. fl@=_ . .y 3
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WORCESTER COUNTY MATHEMATICS LEAGUE I I

Varsity Meet 3 — January 30, 2013
Round 4: Combinatorics

All answers must be in simplest exact form in the answer section

NO CALCULATOR ALLOWED

1. Jane, Elizabeth, Mary, Catherine, and Lydia are seated at a round table.
Lydia has disgraced the family, so Elizabeth refuses to sit next to her. How
many distinguishable arra.ngements are p0331ble‘? (All seats around the table
are indistinguishable.) el

2. Find all values of = such that
2205213 = 7308z 97.

(Here ,Cr, sometimes also written (), denotes the number of ways that r
objects can be chosen from a set of n objects where order does not matter;
i.e. combinations.)

3. On an idealized watch, the posmon of t%e minute hand is uniquely deter-
mined by the position of the hour hé:nd ‘Therefore, if we position an hour
hand and a minute hand on a W tch in an arbitrary way, they may or may
not correctly describe a pomt in time.

At how many points in a 12 hour period can the two hands be interchanged
and still correctly describe a moment in time?

ANSWERS
(1pt.) L.

(2 pts.) 2.

(3 pts.) 3. 4
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WORCESTER COUNTY MATHEMATICS LEAGUE l I

Varsity Meet 3 — January 30, 2013
Round 5: Analytic Geometry

All answers must be in simplest exact form in the answer section

NO CALCULATOR ALLOWED

1. What is the area of an ellipse with foci (12,5) and (8,15) and passing
through the origin?

2. Calculate the shortest distance from the point (2, —3) to the line given by
' Lims Seaton
the equation y = Za: aF 1

e B -

3. A non-vertical line with y-intercept 2 is tangent to the curve given by the
equation z2 + y% = 12z + 20y — 100. Find the slope of the line.

ANSWERS L
(1pt.) 1 |

(2 pts.) 2.

(3 pts.) 3. 5
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WORCESTER COUNTY MATHEMATICS LEAGUE I I

Varsity Meet 3 — January 30, 2013
TEAM ROUND

All answers must either be in simplest gzx‘act‘ form or rounded to EXACTLY three decimal
places, unless stated otherwise. (2 POINTS EACH)

APPROVED CALCULATORS ALLOWED

1. A store with no merchandise over $100 had an unusual sale. It reduced the price of each
item by a percentage equal to the price of the item in dollars. What is the maximum
possible sale price of an item? Answer in dollars and cents, to the nearest cent.

2. Two poles, 100 feet high and 60 feet high, are 200 feet apart. A third pole 30 feet high
is placed between so that all three poles are coplanar. If the distance from the top of
each of the two poles to the top of the 30-foot pole is the same, how far (in feet) is the
30-foot pole from the 100-foot pole?

3. For Halloween, a candy company makes a special package of candy. How many com-
binations are possible if each bag contains 10 pieces of candy chosen from 5 flavors:
strawberry, orange, grape, lemon, and apple? .

4. Given that f(z) = sinz, g(z) = 2% — 10z + 3, h(z) = 1/z, and j(z) = z — 7, what
composition of those functions; whén applied jo z, results in

: 1 .

: - 77
sin (:c 7)—»105m(x—7)+3

5. What is the equation of the hmcontmmg all points equidistant from the points (6, 4)
and (—4,—2)? Write your epswer as y= mz + b (slope-intercept form).

6. If

15 -
Z (cosn—;+isin'r;—7r) =a+bi
for a, b real numbers, find the ordered pair (a, b).

- 1 1
7. If r and s are the roots of the equation az? + bz + ¢ = 0, express 3 + 7 in terms of a,
b, and c.

8. Bowl A contains 7 red chips and 3 blue chips. Five of these are selected at random
without replacement and put in Bowl B, which was originally empty. One chip is then
drawn from Bowl B. Given that this chip is blue, find the conditional probability that
3 red chips and 2 blue chips were tra.nsferred from Bowl A to Bowl B. Express your

answer as a fraction. _
(Tt 1 ,:. Foa

9. Reduce to a simplified fraction:
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WORCESTER COUNTY MATHEMATICS LEAGUE I I

O

Varsity Meet 3 — January 30, 2013
TEAM ROUND ANSWER SHEET

All answers must either be in simplest exact form or rounded to EXACTLY three decimal
places, unless stated otherwise. (2 POINTS EACH)

1. $

28 , i feet
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WORCESTER COUNTY MATHEMATICS LEAGUE I I
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Varsity Meet 3 — January 30, 2013

ANSWERS
ROUND 1 ROUND 5
(Bromfield, Shepherd Hill, 1) (QSC, Assabet Valley, Worc Academy)
1. 8v/3 1. 2107
2. 2v3L- 2. 19/5
b
3. ~Va? +¥? 3. 7/24
ROUND 2 ~ TEAM ROUND
(Tehanto, Bromfield, Mass Academy) (Mass Acad, Assabet Valley, Auburn, [un-
1. 50 students known school], Tahanto, Worc Acad, Brom-
field, Hudson, Quaboa,
2. 3+ /17 R £)
L MadE el 10925,
3. 588 Lt o0
ROUND 3 | 2. 90 feet
O (South, Hudson, }) 3. 1001
1. 2 . . . :
Yz 4. j(Mg(f(G(@))) or (o hogo f o 4)(z)
2. —3,1 (need both, either order) 5
3. 2% +22% — 27 — 1 b Yy=-3%+3
ROUND 4 6. (—1,0)
SC, Auburn,
1. 12 7/ 2
2. 5,8 (need both, either order) 8. 5/9
& lad 9. —3/140

1 Posamentier and Salkind, Challenging Pmblehzé in Geometry.
1 Edgar Dobriban, Princeton University.'12.






WORCESTER COUNTY MATHEMATICS LEAGUE

Varsity Meet 3 — January 30, 2013
FULL SOLUTIONS

'ROUND 1

1. By AA, all three triangles in the figure are 30-60-90 triangles with side lengths in the

ratio 1: v/3 : 2. Therefore, QS = 12, so SR = 12/+/3 and QR = 24//3 = 8v3|.

. Draw an altitude down from A to meet BC at D. Let the length of the altitude be A,
MC = z, BD = a, and DM = z — a. Then, using the Pythagorean Theorem on the
three right triangles, we have that

a’+h: = 16
z —a)? + h? 9
(z —a)
2z —a)? +h%: = 64
( Yt

Expand the second two equations etnd @ﬁfthe first from each of them, obtaining

T —'Za:'z: = -7

Therefore, we find that 272 = 62; 80 :z: = v/31. The question asks for the length of BC,
which is 2z. Therefore, our answer is 2v/31|

. Let the side length of the rhombus be r. Then, AF = FC =r, FB = a —r, and

2 p2

BC = b. Use the Pythagorean Theorem on triangle BCF to get r = g 2-; 2 .

Next, drop a perpendicular from F,2 meezting DC at H. We2 have DE = HC =a —r,
a*+b b

so EH = 2r — a. Plugging in r = ,weha.veEH=;.

Finally, use the Pythagorean Theorem on triangle EFH to get EF = % a2+ b?|

ROUND 2

1. The are 99 girls and 1 boy at W{OGOM@Lt_"Ggllege. Not all of the students on campus
are girls (only 98%), so the boy lives on-caipus. Therefore, there are 49 girls and 1
boy on campus, leaving students off campus.
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WORCESTER COUNTY MATHEMATICS LEAGUE I I

2. Let p = z + y and ¢ = zy. Then, the first equation gives p/g = 3/4 and the second

gives pg = 48. Therefore, p? = 36 so p = +6 and g = %8.

For the positive case, £ +y = 6, and zy = 8,.50 the possible va.lues of z (and y, since
the equations are symmetric) are the pqots n’f the polynomial a? — 6a + 8 = 0, which
are 2 and 4. Both are positive. i

For the negative case, + Yy = 46 and zy = —8, so the possible values of z are the
roots of the polynomial a®+6a —8 = = 0, which the quadratic formula gives as —3=+/17.
Since v/17 > 4, only —3 + /17 is positive.

Therefore, the sum of all possible positive values of z is 2+4+ (—=3+v17) ={3 + V17|

. Since z and y are restricted to the integers, let’s try factoring the expression:

y? +3z%% = 30z% +517
y? + 3z%y% — 30z% — 10 517 — 10
(¥ —10)(3z2+1) = 507 =3.132

Since z,y € Z, each factor can be 1, 3, 13, 39, 169, or 507. The only combination that
allows z and y to both be integers is > — 10 = 39 and 3z2+ 1 = 13, s0 (z?,3?) = (4, 49).
Therefore, 3z%y? = | 588

ROUND 3

1. To find the inverse function 6f-_-‘y = 2[1;;"ﬁﬁé‘réhange z and y and solve for y. Then,

woe

z=2/yandy=|2/z| i

. Plugging in, (g(:t:)) = 9z + 9z +“11 aid g(f(:z:)) = 3z% — 3z + 29. Settmg the two

equal, we find 622 + 12z — 18 = Osoz-—

. We are given that all coefficients and roots of f are integers and that f(0) = —

Therefore, the product of all of the roots is —1 and so f has the form a(z —1)™(z + 1)
Plug in z = 3 to find f(3) = a - 2™4™. We wish to find the polynomial of least degree
that satisfies the conditions, so we want to maximize n at the expense of m; this is
achieved by letting n = 3 and m = 1 (such that f(3) = £128 = +27). From these
values of m and n, we find that a = 1.

Therefore, f(z) = (z—1)(z +1)° = |z* +22° — 2z — 1|
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WORCESTER COUNTY MATHEMATICS LEAGUE I I

ROUND 4

1. The total number of ways for five people to sit at a round table is (5—1)! = 24. Subtract

off the number of ways that have Elizabeth and Lydia sitting next to each other, which
is 2+ (4 — 1)! = 12. Our answer is therefore 24 — 12 =[12].

. The key is to recognize the symmetry of the combinations function. The only way that

the equality can be satisfied is if (52 — 13) + (82 —27) = z2. Solving, z2—13+40 = 0 so
T = . We check that both of these values satisfy n > 7 > 0 in both combinatorial
expressions.

. Express the position of each hand as a uﬁiﬁﬁémplex number. Then, for any valid point

in time, m = h'2. We want the interchanged hand position to also be a valid point in
time, 80 h = m!? = h'*. Therefore, k43 = 1 and the required points in time are when
the hour hand points at the 143 roots of unity.

(N.B. Strictly speaking, the complex plane starts with 0° as the “3 o’clock position”
and 6 moves in the counterclockwise direction. However, this is an easy bijection to
make.)

ROUND 5

1. By definition, an ellipse is the locus of points where the sum of the distances to the

two foci is constant. In this problem, that distance is 13 + 17 = 30. Therefore, the
length of the major axis is 30. To solve for the length of the minor axis, note that the
center of the ellipse is the midpoint of the line connecting the two foci; here, that is
(10, 10). The distance from the center to a focus is /29, so the length of the minor axis

is 2(v/15% — 29) = 2. 14 = 28. Therefore, the area of the ellipse is 7 - 15- 14 = | 2107 |

[SIDE-NOTE: Although it is easy to find tle ares of the ellipse, it takes significantly
more computation to find the equation describing the curve. This is an example of an
OBLIQUE ELLIPSE, where the major andviminér axes are not along the z- and y-axes.

To find the equation, we must rotate 'éverything using a standard rotation transforma-
tion: e

z'lid oesf sind] [z
Y| ~ |=sinf cosf| |y
with 6 chosen to be arctan(2/5). Then, from the Pythagorean Theorem, sin § = 2/+/29
and cosf = 5/ V/29. After lots of algebra, the equation of the ellipse, in standard form,
is 2212 + 20zy + 200y? — 4620z — 4200y = 0. Note the presence of the zy term: a

nonzero zy term indicates that the conic section’s axes do not line up with the Cartesian
axes.)
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2. METHOD I: The shortest line connecting the point (2, —3) to ¥ = (3z + 1)/4 will be
perpendicular, so the slope is —4/3. A line with that slope passing through (2, —3) has

equation y = —=z——. The intersection of the perpendicular line and original line can be
found by setting those two equations equal; the intersection is at (z,y) = (—7/25,1/25).
57\*> (76\®> 95 [19
i h i i is D= =" LA IR A e
Finally, the required distance is D \/(25) 1 (25) 25 5
METHOD II: If you happen to have the formula memorized, the distance from a
point (m,n) to a line Az + By+C=01is

|Am + Bn + C|

VAT B
. _|3-24+4-3+1] |19
Plugging in, D = e |5

3. Complete the square on the equation QT"Ghé;}'éhrve to find that it is a circle:
(z - 6)2 + (y — 10)* = 36.

O The circle is centered at (6, 10) with- radius 6. The non-vertical line has y-intercept 2,
so shift everything down 2 umits so that the line passes through the origin and the circle
of radius 6 is centered at (6, 8):
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METHOD I: The slope of OF is 4/3, so the slope of AX is —3/4. By the Pythagorean
Theorem, OH = 10 and AX = 9.6.. We know the coordinates of A as (0, 8), so using
the slope and length of AX, we find that X = (7.68,2.24). Therefore, the slope of OX

. 2.24 7

I8 0= =

768 |24

METHOD II: We know that triangles AOH and XOH are congruent by SSS, so
mlAOH = m/{XOH = 0, with cotf = 4/3. The problem then becomes finding
the value of cot(2 - arccot [4/3]). This is nice if you know angle addition formulas for
cotangent (I don’t), but if you reflect everything across the line y = z, the cotangents
become tangents with the slopes changed to their inverses.

Using this method, we have

tan 260 =

Flip this back over the line y = = to get that the slope is

2tanf _ 2-(3/4) 24
1—tan?d 1—(9/16) 7'

7

24
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TEAM ROUND

1. METHOD 1I: The price of the discounted item is z - (1 - —) =z — z2/100. If

we wish to maximize this, we can multiply through by —100 to get an expression to
minimize: 2 — 100z. Complete the square to get (z — 50)% — 2500, and this expression
is clearly at its minimum when z = 50 (squared quantities are non-negative).

Therefore, the discounted price of the item is $50 - (1 - 15—&) =|$25.00{

METHOD II: Using calculus, we find that the derivative of £ — £2/100 is 1 — /50,
so setting this to zero, we find that z = 50, as before.

2. Let  be the distance from the 100-foot "p'o'le.

100

200 - x -

e F e e N e ST e ] 60

30

200

Then, by the Pythagorean Theorem, 702 + 2 = (200 — )2 + 302 and z = [90]

3. We use the “STARS AND BARS™ methbd"of_'déuntmg. Represent the ten candies with
ten stars and use four bars to divide the selection into the five flavors. A possible
configuration is JaR

*ok [ kdox || Hkkkk |

which represents 2 of the first flavor, 3 of the second, 0 of the third, 5 of the fourth,

and 0 of the fifth. Another allowed configuration is

*ok x| kx| K| oKk x

which represents 2 of the first flavor, 1 of the second, 2 of the third, 1 of the fourth,
and 4 of the fifth. The problem then becomes a question of how many ways there
are to arrange the four bars among 14 objects (stars and bars combined). This is just

() = [1001]
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4. It is easiest just to work backwards, from the outside in. The composite function
consists of something minus 7; therefore,  must be the outside function. Next, we are
left with a reciprocal, so that is h(z) = 1/z. After removing that, we have a polynomial
in sin(z — 7), so that is g(z). Then we have sin(z — 7), so that is f(z). Finally, we are
left with z — 7, which is j(z).

Putting it all together, this combination is | j(h(g(f(7(z))))) |

5. The line must be perpendicular to the line connecting the two points, so the slope
is —5/3. The midpoint of the two points is (1,1), so the required line has equation

—(5/3)z + 8/3]

6. By symmetry, every 6 consecutive n (giving rise to period 27) sum to zero. Therefore,
we choose to have n = 15 through 10 cancel and n = 9 through 4 cancel. The sum is
then equal to just the case with-n = 3, so thig is cosw + ¢sinmr. Since cosm = —1 and

sinw = 0, we have (a,b) ={(—1,0)|

7. By VIETA’S FORMULAS, we have l;ha,t m,+ s = —b/a and rs = c¢/a. Then, we can
rearrange:
_l _1_ r2+s2  (r+5)?—2rs
e g (Fa) 2
O Plugging in, this is equal to

(=b/a)? — 2(c/a) _ (b*/a®) — (2ac/a®) _|b® —2ac
@@ @ e

8. METHOD I: You can assume that the blue chip was drawn. This leaves 7 red and 2
blue chips in Bowl A before the transfer. Then, just find the probability that the four
other transferred chips were 3 red and 1 blue, which is

Q0 2 ]

§ "

4

(LR A

MLETHOD II: We know that a blue chip was drawn. from Bowl B, so the only possi-
bilities for the initial transfer are: i) 2 red and 3 blue; ii) 3 red and 2 blue; or iii) 4 red
and 1 blue. The number of ways that each scenario can ha.ppen can be calculated using
combinations: i) (7)(3) = 21; ii) ({)3) =,105; and i) () () = 105. However, we must
weight these in a 3 : 2 : 1 ratio because "of the relative probabilities of drawing a blue
chip from each of these subsets of 5 chips.
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The problem asks for the conditional pr"an_,;;l)i}ity that the transferred chips were 3 red
and 2 blue, so the required weighted average. is

. ,2-105

: 5
3-21£2-165+1-105 _'

9. We have

by






